Abstract. A theorem of Viana says that almost all cocycles over any hyperbolic system have nonvanishing Lyapunov exponents. In this note we extend this result to cocycles on any noncompact classical semisimple Lie group.
Introduction
Lyapunov exponents are ubiquitous in differentiable dynamics [8] , control theory [16] , one-dimensional Schrödinger operators [14] , random walks on Lie groups [18] , among other fields. Let us recall the basic definition. Let pM, µq be a probability space, and let f : M Ñ M be a measure-preserving discrete-time dynamical system. Let A : M Ñ R dˆd be a at least measurable matrix-valued map. The pair pA, f q is called a linear cocycle. We form the products:
A pnq pxq ≔ Ap f n´1 pxqq¨¨¨Ap f pxqqApxq .
(1) Let }¨} be any matrix norm, and assume that log`}A} is µ-integrable. The (top) Lyapunov exponent of the cocycle is
which by the subadditive ergodic theorem is well-defined (possibly´8) for µ-almost every x, and is independent of the choice of norm. If µ is ergodic, then the Lyapunov exponent is almost everywhere equal to a constant, which we denote by λ 1 pA, f, µq. The Lyapunov exponent is a very subtle object of study. Let us explain the type of question we are interested in. Consider maps A taking values in the group SLpd, Rq. In that case, the Lyapunov exponent is nonnegative, and it is reasonable to expect that it should be positive except in some degenerate or fragile situations. As a result in this direction, Knill [24] proved that for any base dynamics p f, µq where the measure µ is ergodic and non-atomic, λ 1 pA, f, µq ą 0 for all maps A in a dense subset of the space L 8 pM, SLp2, Rqq. Still in d " 2, this result was extended to virtually any regularity class (continuous, Hölder, smooth, analytic) by Avila [2] . The case d ą 2 remains unsolved, though similar results have been obtained by Xu [28] for some other matrix groups as the symplectic groups. In general, the sets of maps where the Lyapunov exponents are positive are believed to be not only dense, but also "large" in a probabilistic sense (see [2] ). However, in low regularity as L 8 or C 0 , these sets can be "small" in a topological sense; indeed they can be locally meager [9, 10] .
Historically, the first case to be studied was random products of i.i.d. matrices, which fits in the general setting of linear cocycles by taking p f, µq as the appropriate Bernoulli shift on SLpd, Rq Z , and the matrix map A depending only on the zeroth coordinate. Furstenberg showed that that the Lyapunov exponent is positive under explicit mild conditions (Theorem 8.6 in [19] ). Finer results were later obtained (still in the i.i.d. case) by Guivarc'h and Raugi [22] , Gol'dsheid and Margulis [21] , among others.
As first shown in Ledrappier's seminal paper [25] , and later vigorously expressed in the work of Viana and collaborators [12, 13, 5, 27, 6, 7] , the philosophy of random i.i.d. products of matrices can be adapted to other contexts, where Bernoulli shifts are replaced by more general classes of dynamical systems with hyperbolic behavior, at least under certain conditions on the maps A. A landmark result, proved by Viana in [27] , can be stated informally as follows: If the dynamics p f, µq is nonuniformly hyperbolic (and satisfies an additional technical but natural hypothesis) then, in spaces of sufficiently regular (at least Hölder) maps A : M Ñ SLpd, Kq for K " R or C, positivity of the Lyapunov exponent occurs on a set which is large in both a topological and in a probabilistic sense.
In this note we show that the groups SLpd, Rq and SLpd, Cq in Viana's theorem can be replaced by any noncompact classical semisimple group of matrices, as for example the symplectic groups, pseudo-unitary groups, etc. This provides an answer to a question of Viana [27, Problem 4] .
Let us mention that when f is quasiperiodic (and so lies in a region antipodal to hyperbolicity in the dynamical universe), the study of Lyapunov exponents forms another huge area of research: see for instance [4, 17] and references therein.
Finally, we note that for derivative cocycles (i.e., where A " D f ) very few general results are known, except in low topologies [9, 10, 3] .
Precise setting
In this section we recall some basic notions about multiplicative ergodic theory, and then state our results. The reader is referred to [8, 27] for more details and references.
2.1. Lyapunov exponents. The top Lyapunov exponent of a cocycle pA, f q was defined in (2) . In general, we define Lyapunov exponents
where σ i p¨q denotes the i-th singular value.
2.2. Hyperbolic measures and local product structure. Let f : M Ñ M be a C 1`α diffeomorphism of a compact manifold M, and let µ be a invariant Borel probability measure. Suppose that µ is hyperbolic, that is, the Lyapunov exponents of the derivative cocycle D f are all different from zero at µ-almost every point x. So, by Oseledets theorem, we can split the tangent bundle T x M as the sum of the subspaces E u x and E s x corresponding to positive and negative exponents, respectively.
Given a hyperbolic probability measure µ, Pesin's stable manifold theorem (see e.g. [8] Moreover, since local invariant manifolds and the constants above vary measurably with the point x one can select hyperbolic blocks HpK, τq in such a way that K x ď K and τ x ě τ for all x P HpK, τq, the local manifolds W s loc pxq and W u loc pxq vary continuously with x P HpK, τq; moreover, µpHpK, τqq Ñ 1 as K Ñ 8 and τ Ñ 0. In particular, if x P HpK, τq and δ ą 0 is small enough, then for every y, z P Bpx, δq X HpK, τq, the intersection W u loc pyq X W s loc pzq is transverse and consists of a unique point, denoted ry, zs. For each x P HpK, τq, define sets:
Let N x pδq be the image of N u x pδqˆN s x pδq under the map r¨,¨s. This is a small "box" neighborhood of x in the block HpK, τq, and (reducing δ if necessary) the following map is a homeomorphism:
Definition 2.1 ([27, p. 646]). The hyperbolic measure µ has local product structure if for every pK, τq, every small δ ą 0 as before, and every x P HpK, τq, the measure µ | N x pδq is equivalent to the product measure µ 
Space of cocycles.
The relevant functional spaces of linear cocycles for our subsequent discussion are defined as follows. Let G be a Lie subgroup of GLpd, Cq, let M be a Riemannian compact manifold M, and let pr, νq P Nˆr0, 1s´tp0, 0qu. Let C r,ν pM, Gq denote the set of maps A : M Ñ G of class C r such that D r A is ν-Hölder continuous if ν ą 0. We equip this set with the topology induced by the distance:
where the last term is omitted if ν " 0. Then C r,ν pM, Gq is a Banach manifold.
Statement of the results.
Let K be either R or C, and let d ě 2. Let G be a K-algebraic subgroup of SLpd, Cq, i.e., a group of complex dˆd matrices of determinant 1, defined by polynomial equations with coefficients in K.
Denote G ≔ G X SLpd, Kq. Henceforth we will assume the following properties:
(1) G is connected (or equivalently, G is irreducible as an algebraic set); (2) G is semisimple (or equivalently, G is semisimple);
Our assumptions are satisfied by all noncompact classical groups G, that is, SLpd, Kq for d ě 2, SLpn, Hq » SU˚p2nq, Sppn, Kq, Sppn, mq for n, m ě 1, SOpm, nq for m, n ě 1, m`n ě 3, SUpm, nq for m, n ě 1, and SO˚p2nq for n ě 2.
The following result is exactly Theorem A in [27] when G " SLpd, Kq:
Theorem A. Let G be a group of matrices satisfying the hypotheses above. Let f be a C 1`α -diffeomorphism of a compact manifold M. Let µ be a f -invariant ergodic hyperbolic non-atomic probability measure with local product structure. Let pr, νq P Nˆr0, 1s´tp0, 0qu. Then there exists an open and dense subset G of C r,ν pM, Gq such that for any A P G , the cocycle pA, f q has at least one positive Lyapunov exponent at µ-a.e. point. Moreover, the complement of G in C r,ν pM, Gq has infinite codimension.
The last statement means that the complement of G is locally contained in Whitney stratified sets (see [20] ) of arbitrarily large codimension. In particular, G is large in a very strong probabilistic sense.
Arguing exactly as in [27, p. 676] , we obtain the following consequence in the non-ergodic case:
Corollary 2.2. Let G be a group of matrices satisfying the hypotheses above. Let f be a C 1`α -diffeomorphism of a compact manifold M. Let µ be a f -invariant ergodic hyperbolic non-atomic probability measure with local product structure. Let pr, νq P Nˆr0, 1s´tp0, 0qu. Then there exists a residual subset R of C r,ν pM, Gq such that for any A P G , the cocycle pA, f q has at least one positive Lyapunov exponent at µ-a.e. point.
Proofs
Here we review some intermediate results from [27] in Subsections 3.1 and 3.2, then we recall some algebraic facts in Subsection 3.3, and finally we prove Theorem A in Subsection 3.4.
3.1. Holonomies. In this and in the next subsection, we assume that f is a C 1`α -diffeomorphism of a Riemannian compact manifold M preserving a non-atomic hyperbolic measure µ with local product structure, and that A P C r,ν pM, SLpd, Kqq for some pr, νq P Nˆr0, 1s´tp0, 0qu (and K " R or C).
A key insight from [27] is that the vanishing of Lyapunov exponents of the cocycle pA, f, µq implies the existence of a dynamical structure called stable and unstable holonomies.
More concretely, let f be a C 1`α -diffeomorphism of a Riemannian compact manifold M preserving a nonatomic hyperbolic measure with local product structure. Let A P C 0 pM, SLpd, Kqq be a continuous linear cocycle.
Definition 3.1. Given N ě 1 and θ ą 0, let D A pN, θq denote the set of points x P M satisfying: 
We claim that the derivative of map Φ is surjective at every point of U, even when restricted to the subspace of tangent vectors 9 B supported on Bqq " By (1), (2) and (4), for any j,
and
Combining (7), (8) and (9) we get
Then by (10), (6) and invertibility of H s,u and B, we get (5). As explained before, Lemma 3.4 follows.
Disintegrations.
Let f A denote the induced projectivized cocycle, that is, the skew-product map on MP d´1 pKq defined by px, rvsq Þ Ñ p f pxq, rApxqvsq. By compactness of the projective space, the projectivized cocycle f A always has invariant probability measures m on MˆP d´1 pKq projecting down to µ on M. Any such measure m can be disintegrated (in an essentially unique way) into a family of measures m z on tzuˆP d´1 pKq, z P M, in the sense that mpCq " ş m z pC X ptzuP d´1 pKdµpzq for all measurable subsets C Ă MˆP d´1 pKq: see [11, Section 10.6]. As explained in Subsection 2.2, p f, µq has hyperbolic blocks HpK, τq of almost full µ-measure. Given a holonomy block O of positive µ-measure inside a hyperbolic block HpK, τq, δ ą 0 sufficiently small (depending on K and τ) and a point x P supppµ | Oq, we denote by N x pO, δq, N 
Some facts about linear algebraic groups.
Recall that G is an algebraic group of matrices satisfying the hypotheses listed at Subsection 2.4. In this subsection we collect some algebraic facts that we will use. The following property, shown by Breuillard [15, Lemma 6.8] (see also [1, Lemma 7.7] ) only needs the fact that G is algebraic and semisimple (hypothesis (2)): Proposition 3.7. There exists a proper algebraic subvariety V Ă GˆG such that any pair of elements pg 1 , g 2 q P pGˆGq´V generates a Zariski dense subgroup of G.
The following is Proposition 3.2.15 in [29] , and uses our hypotheses (1) and (4) Recall that a subset of R n is called semi-algebraic if it is defined by finitely many polynomial inequalities 2 , and the dimension of a semi-algebraic set is the maximal local dimension near regular points (see, e.g., [20] ). Lemma 3.11. Suppose K " C. Then there is a semi-algebraic set W Ă GˆG of positive codimension such that for any pair of elements pg 1 , g 2 q P pGˆGq´W, the group they generate is not contained in any compact subgroup of G.
Proof. Let K be a maximal compact subgroup of G. We think of G as a complexification of K: in particular, the Lie algebra of G is the tensor product over R of C and the Lie algebra of K, and, a fortiori, dim R pGq " 2¨dim R pKq.
Consider a maximal Abelian subgroup A of G and the corresponding decomposition G " KAK coming from the diffeomorphism Kˆexpppq Ñ G where p " Ť kPK Adpkq¨a, Adp.q denotes the adjoint action, and a is the Lie algebra of A. Note that dim R pGq ą dim R pKq`dim R pAq (as one can infer, for instance, from the Killing-Cartan classification of simple complex Lie groups via Dynkin diagrams: see, e.g., [23] for more details). Define Φ : KˆAˆKˆK Ñ GˆG by Φpk, a, u, vq " pkaua´1k´1, kava´1k´1q. Note that Φ is a polynomial map between semi-algebraic sets. Hence, its image W :" ΦpKˆAˆKˆKq is a semi-algebraic set (by TarskiSeidenberg theorem) of dimension dim R pWq ď dim R pKˆAˆKˆKq " pdim R pKq`dim R pAqq`2¨dim R pKq.
Since dim R pGq ą dim R pKq`dim R pAq and dim R pGˆGq " 2¨dim R pGq " dim R pGq`2¨dim R pKq, it follows that dim R pWq ď pdim R pKq`dim R pAqq`2¨dim R pKq ă dim R pGˆGq.
In summary, W is a semi-algebraic subset of GˆG of positive codimension. Therefore, the proof of the lemma will be complete once we show that if pg 1 , g 2 q P GˆG generates a group contained in a compact subgroup of G, then pg 1 , g 2 q P W. In this direction, we observe that K is a maximal compact subgroup of G, so that if the closure of the subgroup generated by g 1 and g 2 is compact, then there exists g P G such that g 1 , g 2 P gKg´1, say g 1 " gxg´1 and g 2 " gyg´1 with x, y P K. On the other hand, the decomposition G " KAK allows us to write g " kak 1 for some k, k 1 P K and a P A. It follows that
This completes the proof.
By combining the previous results, we deduce the following:
There is a semi-algebraic set Z Ă GˆG of positive codimension such that no pair of elements pg 1 , g 2 q P pGˆGq´Z admits a common invariant measure on projective space P d´1 pKq.
Proof. If K " R then we let Z " V be the proper algebraic subvariety of GˆG described in Proposition 3.7 above. Otherwise, if K " C then we let Z " V Y W where W is given by Lemma 3.11. Now consider a pair of elements pg 1 , g 2 q P GˆG that admit a common invariant measure m on P d´1 pKq. If K " C then pg 1 , g 2 q belongs to either W or V, according to which property (i) or (ii) holds in Proposition 3.8. If K " R then by Remark 3.10 we know that property (ii) holds, so pg 1 , g 2 q P V.
3.4.
Proof of Theorem A. Let G be an algebraic group of matrices satisfying the hypotheses listed at Subsection 2.4. Let f be a C 1`α -diffeomorphism of a compact manifold M. Let µ be a f -invariant ergodic hyperbolic non-atomic probability measure with local product structure.
Let A P C r,ν pM, Gq be a cocycle whose Lyapunov exponents vanish at µ-almost every point. To prove Theorem A, we only need to prove that for any l ą 0 there exists a neighborhood U Ă C r,ν pM, Gq of A such that the cocycles in U with vanishing Lyapunov exponents are contained in a Whitney stratified set with codimension ě l.
By Proposition 3.6, we can find l holonomy blocks O i of positive µ-measure containing horseshoes H i associated to distinct periodic points p i P O i , 1 ď i ď l of minimal periods κ i , and some homoclinic points z i P O i of p i , z i P W preserve a common probability measure m p i pA 1 q on P d´1 pKq. Thus, for any i, the pair pg i,1 pA 1 q, g i,2 pA 1belongs to the semi-algebraic set Z of positive codimension in GˆG given by Corollary 3.12. Recall (see [20] ) that:
‚ semi-algebraic sets are Whitney stratified; ‚ products of Whitney stratified sets is Whitney stratified and codimensions add; ‚ pre-images of Whitney stratified sets under submersions are Whitney stratified, and codimension is preserved. Therefore by Lemma 3.4 we conclude that all such A 1 lie in a Whitney stratified subset of codimension ě l. This completes the proof.
